A new representation of the Cauchy kernel K Γ for an arbitrary acute convex cone Γ in R n is found. The domain of holomorphy of K Γ is described. An estimation of the growth of K Γ near the singularities is given.
Introduction. The n-dimensional
Bochner's and Vladimirov's estimations of the domain of holomorphy of K Γ are not optimal, because for the classical Cauchy kernel the set (C \ {0}) n is much larger than {Re z ∈ −R n + } and Ω R n + . The aim of our paper is to give a better description of the domain of holomorphy of K Γ . To this end we make the following definitions. A set Γ is fat if Γ ⊂ Int Γ . A cone Γ is acute if Int(Γ * (V a (Γ ) + iV a (Γ )). Now, we are ready to formulate the main result of the paper. Theorem 1. Let Γ be an acute convex closed fat cone in R n . Then:
(i) The Cauchy kernel K Γ has a holomorphic continuation to C n \H C (Γ ).
(ii) For any α ∈ N n 0 there exists a constant C(n, α) < ∞, independent of Γ , such that for z ∈ C n \ H C (Γ ),
The proof is divided into three steps. We begin with the Cauchy kernel for simplicial cones. In this case, an explicit formula for K Γ allows us to get (i) and (ii) immediately.
Next we prove that the Cauchy kernel for a polyhedral cone Γ is the sum of such kernels for simplicial cones in a simplicial division of Γ . This implies (i) for polyhedral cones (see Propositions 2.8 and 2.10). The inequality (0.3) for such cones is proved in Proposition 2.11.
In the last step, we prove that the Cauchy kernel for any acute convex closed fat cone is the limit of an almost uniformly convergent sequence of the Cauchy kernels for appropriate polyhedral cones. As a conclusion we obtain the assertions of Theorem 1 (see Propositions 3.2 and 3.3).
Notation. We use vector notation. In particular, if a, b ∈ R n then a < b means a i < b i for i = 1, . . . , n and z k means z
If z ∈ C n , we write Re z := (Re z 1 , . . . , Re z n ) and Im z := (Im z 1 , . . . , Im z n ).
Let r ∈ R. We denote by r the n-tuple (r, . . . , r) ∈ R n . If α ∈ N n 0 , we write |α| := |α 1 | + . . . + |α n |. The scalar product of x, y ∈ R n (or C n ) is denoted by x, y := x 1 y 1 + . . . + x n y n .
We write D α for the differential operator ∂ α /∂x
A cone in R n is a set Γ ⊂ R n with the property that if x ∈ Γ , then λx ∈ Γ for all λ > 0. The dual cone to Γ is defined by
For any cone Γ in R n , set
where V a (Γ ) is the tangent space to ∂Γ at a and the set A(Γ ) is defined in the previous section.
The Cauchy kernel for simplicial cones
for some non-singular matrix A ∈ GL(n, R).
Observe that the matrix A is unique modulo permutation of rows and multiplication of rows by positive constants.
It is easily seen that any simplicial cone can be described by
with linearly independent points a 1 , . . . , a n ∈ S n−1 . For a simplicial cone ∆ we have (see Exercise 8.7 in [3] )
The right-hand side of (1.2) does not depend on the choice of A in (1.1). By (1.2), K ∆ can be holomorphically continued to the set {z ∈ C n : (Az) j = 0 for j = 1, . . . , n}. Note that
By (1.2) we obtain
with sgn ε := sgn ε 1 · . . . · sgn ε n . Example 1.3. If we take ∆ := R n + , we recover the classical Cauchy kernel
The Cauchy kernel for polyhedral cones
For convenience we identify a point a i ∈ S n−1 with the edge ∆(a i ) = {λa i : λ ≥ 0}. Observe that every polyhedral convex cone W in R n can be described by 
Roughly, Nb W (a i ) is the set of edges of W which are neighbours of a i .
is also a convex cone. The above lemma is well known, so we omit its proof. 
In particular, every (n − 1)-face of the simplicial cone ∆(a 1 , . . . , a n ) is simultaneously an (n − 1)-face of W . Therefore
and N = n. This contradicts our assumption that N > n.
In the following the crucial role is played by the simplicial division constructed in the next lemma. 
, K).
The simplicial division R satisfying (A) and constructed in the proof of this lemma will be called a special division of W . Observe that every edge of any simplicial cone in a special division R is also the edge of W . Conversely, every edge of W is also the edge of some simplicial cone in R.
Proof. We construct R by induction on N ≥ n.
and obviously (A) holds.
2) Fix k > n and suppose that for every N (n ≤ N < k) and every cone W N with N edges a 1 , . . . , a N , there exists a simplicial division R of W N satisfying (A). Consider any acute convex polyhedral cone W k with k edges a 1 , . . . , a k . By Lemma 2.5 there exists an edge a i satisfying (2.1). Put
Notice that W + <k is also a polyhedral cone in R n , with edges in Nb W k (a i ) and, by Lemma 2.5, the number of these edges is less than k. But generally W + <k does not have to be convex. Let 
and let
The cone W − <k has less than k edges. Hence, by the inductive assumption,
A trivial verification shows that R satisfies condition (A).
Proof. Recall that, in the notation of the proof of Lemma 2.6, 
and the left-hand inclusion in (2.8) holds.
To prove the right-hand inclusion, it is sufficient to show that
Proof. We show (2.9) by induction on N . 1) For N = n, W = ∆(a 1 , . . . , a n ), R = {∆(a 1 , . . . , a n )} and obviously (2.9) holds.
2) Fix k > n. Assuming (2.9) to hold for every N (n ≤ N < k) and every convex acute polyhedral cone W with N edges, we will prove it for any polyhedral cone W k with k edges. Take W k−1 , W + <k , W − <k as in the proof of Lemma 2.6. By Lemma 2.7 ,
Hence, by duality,
, where the last equality holds because 
with ∆ − j and ∆ j defined by (2.6) and (2.7). Finally,
This means that (2.9) holds on
. Now, we are in a position to prove that K W can be holomorphically continued to the set
Therefore, using (2.9), we see that K W can be holomorphically continued to this set. Put
We have
It is sufficient to show that K W can be holomorphically continued to some open neighbourhood of V
In the first step we take l := m. Then there exists (
Suppose that b n = 0. Applying (1.2) we see that
where w m , v m are polynomials with real coefficients such that v m (z) = 0 for Proposition 2.9. Let W be an acute convex polyhedral cone in R n and let
Proof. We first construct a special division of W 1 . To do this take edges a 1 , . . . , a M with W = W (a 1 , . . . , a N ), W 1 = W (a 1 , . . . , a L , a N +1 , . . . , a M ) and 
. By Lemma 2.7, as in the proof of Proposition 2.8, we have 
In the last step, by (2.23) we divide
By convexity of W
Finally, by (2.25), (2.27), (2.28) we have
Applying Proposition 2.9, one can improve Proposition 2.8. Proposition 2.10. Let W be an acute convex polyhedral cone in R n and R = {∆ j } K j=1 be any simplicial division of W . Then
and K W can be holomorphically continued to
Proof. Fix any simplicial division {∆ j } M j=1 of W . Observe that, according to Proposition 2.9, every set {V 1 , . . . , V k } of (n − 1)-dimensional subspaces in R n meeting Int W divides W into closed and convex polyhedral cones
Again applying Proposition 2.9, we have
We conclude that
The next proposition describes the behaviour of K W near the set of singularities.
Proposition 2.11. Let W be an acute convex polyhedral cone in R n . Then for every α ∈ N n 0 there exists C(n, α) < ∞ such that
Proof. We have (see [6, p. 159 
Consider a simplicial cone ∆ and a matrix A corresponding to ∆. Fix z ∈ C n \ H C (∆). Then there exists z ∈ Int(∆ + i∆) such that
Estimating the Cauchy kernel we obtain (2.36)
Observe that every edge of the simplicial cone ∆ is perpendicular to some (n − 1)-dimensional subspace of R n containing an (n − 1)-face of ∆ * . On the other hand, every (n − 1)-dimensional subspace containing an (n − 1)-face of ∆ is perpendicular to some edge of ∆ * . This means that all angles between appropriate subspaces from H R (∆) and H R (∆ * ) are preserved. Hence 
So, we see that (2.31) holds for simplicial cones.
Consider an acute convex polyhedral cone W and fix
The proof will be completed by showing that there exists C < ∞ (independent of W and z) such that for every z ∈ C n \H C (∆) we can find a simplicial
Without loss of generality we can assume, that
and (2.41) holds.
Assume now that Re z ∈ Int W (for Re z ∈ Int(−W ) the proof is similar). Let r := dist(Re z, V z ) = dist(Re z, ∂W ) and let
be a light cone, which is contained in W . Denote by ∆ 1 ⊂ Γ (r) a simplicial cone such that the distance r := dist(Re z, ∂ ∆ 1 ) is maximal and Re z ∈ ∆ 1 . The fraction r/ r is finite and only depends on the dimension of the space (is independent of W and z).
The tangent space V a k (Γ ) divides the cone W k−1 , as in Proposition 2.9, into cones:
Observe that the sequence {W k } ∞ k=1 of acute convex polyhedral cones constructed above satisfies
We show that
Assume that, on the contrary, there exist ε > 0 and
≥ ε for l = 2, 3, . . . and m > l.
This leads to a contradiction, because all points {a k } ∞ k=1 are contained in a compact sphere S n−1 .
Thus A ∞ Γ is dense in A Γ and by Corollary 3.1, A ∞ Γ is also dense in ∂Γ ∩ S n−1 . This means that the cones
where µ n−1 is the Lebesgue measure on S n−1 . We also have
Hence, passing to the dual cones, we have
Now we show that the sequence of holomorphic functions K W k is almost uniformly convergent in C n \ H C (Γ ). Fix ε > 0 and K C n \ H C (Γ ). It is sufficient to show that there exists m ∈ N such that for every k > l > m, on Ω Γ . Thus the Cauchy kernel K Γ has a holomorphic continuation to C n \ H C (Γ ). )(dist(z, H C (Γ ))) −n−|α| .
